ON FUNCTION SPACES WHICH ARE
LINDELOF SPACES

BY
H. H. CORSON(!) AND J. LINDENSTRAUSS(2)

1. Imtroduction. The purpose of this paper is to study the following question.
Let X be a topological space, and let L be a locally convex linear topological
space. Under what assumptions (on X or L) is the space of all continuous functions
from X into L a Lindelof space in the topology of pointwise convergence or in the
compact open topology? Our main interest is in the case where X is a metric space.

We have posed a very general question, and it is not to be expected that it has a
simple complete answer. The results and examples we present here give, however,
an answer to this question in many standard situations which arise in functional
analysis. Our study of the question above arose from attempts to extend the
selection theory of Michael to the case in which the range is nonmetrizable. It
turned out that Michael’s theorems can be generalized practically only in those
situations where suitable function spaces are Lindeldf spaces (cf. [3] for details).

In §2 we prove some theorems which exhibit many function spaces which are
Lindelof spaces. A typical example is the following result: the space of all con-
tinuous functions from a separable metric space X to a (possibly nonseparable)
Hilbert space with the weak (w)-topology is a Lindelsf space, if we endow it with
the topology of pointwise convergence. The proof of this result is rather involved
even for compact X (only in the case in which X is countable can the proof be
simplified considerably). The difficult part of the proof of this result (as well as the
proofs of the other results of §2) is the proof of Lemma 2.1. This lemma is stated
in the beginning of §2, but its proof is given only in §4.

§3 is devoted to examples which show that in many respects the results of §2
are the best possible ones. At the end of §3 we give a table which summarizes our
results concerning spaces of continuous functions from a metric space to a Hilbert
space H (taking in H three topologies—the norm topology, the w-topology and
the topology of pointwise convergence of the coordinates with respect to a fixed
orthogonal basis).

§4 is, as mentioned already, devoted to the proof of Lemma 2.1. The methods
used in the proof are refinements of those used by one of the authors in [2].
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There are some important linear spaces L for which we are unable to decide
whether they are Lindelof spaces. For such spaces L we cannot, of course, prove
any nontrivial result concerning the question whether the space of continuous
functions from a metric space X into L is a Lindelof space. We do not know,
for example, whether the space L,(x) is a Lindeldf space in the w-topology for
every finite measure p. This question was left open in [2] as a special case of a
more general conjecture.

ACKNOWLEDGMENT. We wish to thank E. Michael for many helpful conversations
concerning the subject of this paper. His suggestions are responsible for many
improvements. In particular, the elegant example (2) in §3 is due to him.

NortATiONs. The linear spaces we consider are taken (unless stated otherwise)
over the reals R. This is only a matter of convenience; all our results hold also
in the complex case. For the notions and results in topology and the theory of
linear spaces which we use without specific reference the reader may consult
the standard books [5], [6], and [7].

Let I" and L be topological spaces and let 0 be a fixed point in L (if L is a linear
space we shall always take 0 as the origin). We will say that a function f from I"
to Lvanishes at infinity if, given any open set U around 0 in L there is a compact
subset F of I' such that f(y) is in U for every y in the complement of F. Let
Co = Co(T', L) denote the space of all continuous functions from I' to L which
vanish at infinity, where C, is given the compact open topology. If L= R we
denote Cy(T',L) also by Cy(I).

For a function fe C, and a subset I’y = I let f/I" denote the function from I to
L which agrees with f on I'y and which has value 0 for yeI' ~ I';. For a subset 4
of Cy let ATy ={fITo:f€A}.

Suppose now that I' is discrete and that I'o = I'. The map f—f/I', takes
Co = Cy(T, L) into itself and it is called the canonical projection from C, onto
Co/To. A subset A of C, is said to be invariant under projections if A[Tq< A
for every countable subset I'y of I'. 4 is said to be almost invariant under pro-
jections if there exists a set {I's};. 5 of countable subsets of I', directed by inclusion,
such that 4 /T = A for every B, |_J,I',=T and such that whenever T, = I;,c Ty, -+
then also | J;2,T}, is one of the T, e B.

Let X and L be topological spaces. We denote by C(X,L) the space of all
continuous functions from X to Lin the compact open topology. The same space
but with the topology of pointwise convergence will be denoted by C,(X,L).
The spaces C(X, R) and C,(X,R) will be denoted also by C(X) and C,(X) re-
spectively. Let X and Y be topological spaces and let f € C(X, C(Y)). The value of
the function f(x), x € X at the point y € Y will be denoted by f(x)(y). Let T be a
discrete space, let yeI” and f € C(T', L). The point f(y) in L will be called also
the y coordinate of f.

The closure of a set 4 in a topological space will be denoted by 4.
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2. Spaces of continuous functions which are Lindelof spaces. The following is
the basic lemma on which all the theorems of this section depend.

LEMMA 2.1. Let X be a separable metric space and let X be its completion.
Let T be a discrete space and let A be a subset of Co(T', C,(X)) which is almost
invariant under projections. Assume further that for every f € A there is a G,
subset X; of X and an element Fe Co(I',C,(X)) such that X « X, < X and
F(y)(x) =f(y)(x) for every yeI and every xe€ X. Then A is a Lindelf subspace
of Co(T,Cy(X).

The proof of this lemma is rather long and will be given in §4. The role of the
various assumptions appearing in the lemma will be discussed in the next section.
The examples given there show that Lemma 2.1 is in many respects the best
possible one in this direction. We just remark here that the assumption concerning
the existence of X, and F is always trivially satisfied if X is a G, set in X,ie,if X
has an equivalent metric in which it is complete.

Several results will now be shown to follow from Lemma 2.1.

THEOREM 2.2. Let X be a topological space which is a continuous image of
a complete separable metric space. Let T be a discrete space and let L be a
subset of Co(I') which is almost invariant under projections. Then C,(X,L) is
a Lindeldf space.

Proof. Let y be a continuous function from a complete separable metric
space Y onto X. We define a map ¥ from C,(X,L) into Co(T', C,(Y)) by

2.1) Y =f@y)(), yel, yeY.

For every ye Y and & > 0 the number of the yeI for which |‘P f(y)(y)| > ¢gis
finite, since f(Yy) e Lc Co(I'), and hence Wf e Co(I',C,(Y)). ¥ is a ‘one-to-one
map since y is onto. ¥ is also a homeomorphism (into) since a net {f,} in C,(X,L)
converges to f iff {f,(x)()} converges to f(x)(y) for every xe X and yeT, i.e., iff
{£,(0(») ()} converges to f(Y(y))(y) for every ye Y and yeT. The range of ¥ is
almost invariant under projections. Indeed if I'y = I' is such that LT, = Land if
feCy(X,L), then (¥f) /Ty = ¥(Pof) where P, is the canonical projection from
Co(I) onto Cy(I")/Tp. Since Pyf e Cp(X,L), it follows that

Y(C,(X,L))|Ty = ¥(Cy(X,L)).

The theorem follows now by applying Lemma 2.1 to the subset ¥(C,(X,L)) of
Co(T,C,(Y)). |
Wepoint out that any countable topological space X satisfies the assumption of
Theorem 2.2, since it is a continuous image of the integers.
Our next result is similar to Theorem 2.2. The only difference is that now we
require that L is compact (though not necessarily almost invariant under pro-
jections) and allow more general X.
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THEOREM 2.3. Let X be a topological space which is the continuous image
of a separable metric space. Let I be a discrete space and Lbe a compact subset
of Co(I'). Then C,(X,L) is a Lindeldf space.

Proof. Let i/ be a continuous map from a separable metric space Y onto X.
Define ¥: Cp(X,L)— Co(I',C (Y)) by the equation (2.1). As above ¥ is a
homeomorphism into (but in general W(C,(X, L)) is not almost invariant under
projections). Let A be the subset of Co(I', C,(Y)) consisting of all the functions f
which satisfy

(i) There is a ge C,(X,Co(I)) such that f=Yg (¥ is defined in (2.1), the
definition clearly makes sense for the whole of C,(X,Cy(I)) and not only for
C,(X,L).

(i) There is a G, subset Y, of the completion ¥ of Y with ¥, oY and an
F e Cy(, Cp(Yy)) such that F(y)(y) =f(y)(y) for every yeI and yeY.

We shall prove that

(a) W(C,(X,L)) is a closed subset of 4,
and

(b) A is invariant under projections.

This will conclude the proof of the theorem since, by Lemma 2.1, (b) implies that
A is a Lindelof space and hence by (a) and the fact that ¥ is a homeomorphism
we get that also C,(X,L) is a Lindel6f space.

We pass to the proof of (a). Let ge C,(X, L), we have first to show that ¥ge 4
i.e. that Wg satisfies condition (ii). Let {x;};2; be a dense sequence of points in X.
Since L Cy(I") there is a countable subset I'y of I' such that g(x,)(y) =0 if
yell~T, and i=1,2,---. It follows, by the continuity of g, that

8(X) = LN (Co(I) [To).

The set LN(Cy(I')/T’,) is compact and metrizable.

We need now the following known fact (cf. [7]). Let h be a continuous function
from a subset M of a metric space M into a complete metric space Z. Then k can
be extended to a continuous function H from M, to Z for some G; subset M, of M
containing M.

We apply this result to the situation we have by taking h(y) = g(Y(y)), M =Y,
M =Y, and Z = LN(Cy(T)/T,). We get that there is a G, subset Y, of ¥ with
Yc Yo ¥ and an element H e C,(Y,,L) such that H(y) = g(y/(y)) for yeY.
Let Fe Cy(T',C,(Y,)) be defined by F(y)(y) = H(y)(y), y€Y,, yeI. For ye?Y,
we have

F(»)(y) = Hy) (@) = g6 () = Y2 (),

and hence f = Wg satisfies (ii). This shows that W(C,(X,L)) is a subset of A.
The fact that it is a closed subset of A is a consequence of our assumption that L
is compact and thus closed in Cy(I').
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We turn to the proof of assertion (b). Let f=V¥g for some ge C,(X,Cy(I))
and let I'y be a countable subset of I. Then f/I'y = W(P,g), where P, is the
canonical projection from Cy(I") onto Co(T') /Ty, and hence also f/T, satisfies (i).
Assume now that f satisfies (ii) and let Y, and F be a suitable G; subset of Y and
function respectively. Then F/T'oe Co(I,C,(Y,)) and F[T'o(y)(y) =f/To(»)(»)
for every yeI’ and ye Y, and hence f/T'y also satisfies (ii). This concludes the
proof of assertion (b) and thus of Theorem 2.3.

We turn now to some examples of spaces L which satisfy the assumptions in
Theorem 2.2 or Theorem 2.3. Let 0 < p < oo and let I be a set. The space L= [,(I)
of all real-valued functions on I" for which Zyel’l S (y)|” < oo clearly satisfies the
assumption of Theorem 2.2 if we take in it the topology of pointwise convergence
(i.e. the topology induced on it by Cy(I)).

Another example. Let G be a compact Abelian topological group and let I'
be the (discrete) dual group. The Fourier transform T maps L,(ug) (4g denotes
the Haar measure on G, we use here the complex L; space) into Co(I'). The image
of L,(ug) is almost invariant under projections. In fact, let I'y be a countable
subgroup of T, let G, be the subgroup of G orthogonal to I'y and let f € L,(ug).
The function f,eL;(ug) defined by

fo(g) = J; f(g80)duc,

(ug, is the Haar measure on G,) satisfies

j fWedus  if yeT,,
f CCUE

0 if yeI'~T,.

Since the set of countable subgroups of I' is directed by inclusion and closed
under the operation of taking the union of an increasing sequence we have thus
verified the assertion made on L;(yg). (A similar assertion holds also for non-
commutative G, cf. [2].) Observe also that if the function f above belongs to
L,(pg) for some 1< p < oo then the same is true for f;, and hence for every
1< p=< oo the subset TL, (1) of Co(I') is almost invariant under projections.
It follows now from Theorem 2.2 that C (X, L,(u¢)) is a Lindeldf space if X is
a complete separable metric space and if the topology in L (ug) is the topology
of pointwise convergence on the characters (i.e. f,—f iff

f F@()dug > f Fee)dug
G G

for every y e I'). This topology is weaker than the w-topology of L, (1) (for p =
it is also weaker than the w*-topology since the characters belong to L;(us)).
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Let now p be a measure on a general measure space. By a theorem of Maharam
[8] there is a set {G,},.q of compact Abelian groups (with Haar measure pu,)
so that L,(u) is isometric to ( X, @ L,(1,)), for every 1 < p < oo (the direct sum
is defined to be the set of all functions u defined on Q such that u(x) € L,(1,) and
" u || =( Ea” u(o) ]I")” P < ). If uis o-finite, the set Q will be countable. It follows
that, for every measure u and every 1 < p < o0, there is a locally convex Hausdorff
topology on L,(p) which is weaker than the w-topology and is such that L,(x)
with this topology is linearly homeomorphic with a linear subspace of Cy(I')
(I" a discrete space) which is almost invariant under projections. In the proof we
gave I' is the disjoint union of the sets {I',},.q Where I', is the dual group of
G,. If u is o-finite, there is also a locally convex Hausdorff topology on L(u),
which is weaker than the w*-topology such that L.(u) with this topology is
linearly homeomorphic with a linear subspace of Cy(I') which is almost invariant

under projections.

If Lis a w-compact subset of L,(1) for some 1 < p < co then the topology on
L (1) which was described in the preceding paragraph coincides on L with the
w-topology. Hence we may apply Theorem 2.3 to a w-compact subset L of L,(u),
1 < p< 0. The same is true for a w-compact and even w*-compact subset of
L, (p) if p is o-finite.

Theorem 2.2 shows that if X is a complete separable metric space then it is
possible to introduce in many of the common linear spaces L a locally convex
topology which is rather weak so that C,(X, L) is a Lindelof space. The following
question arises naturally: Let Lbe a locally convex space; is C,(X,L) a Lindelof
space if we take in Lthe given topology? Let us take for example a nonseparable
Hilbert space H. If we take in H the norm topology (we denote H with the norm
topology by H") then clearly C,(X,H") is not Lindelof even if X consists of a
single point. If we take in H the topology p of pointwise convergence of the
coordinates (with respect to a fixed orthonormal basis), then we can apply Theorem
2.2 and we get that C,(X,H") is Lindelof if X is separable complete metric. An
example, due to Michael, (cf. (2) in §3) shows that C,(X, H”) may fail to be Lindel6f
if X is separable metric but not complete. What is the situation if we consider

*—the Hilbert space with the w-topology? We cannot apply Theorem 2.2, since
HY is not homeomorphic to a subset of Co(I") with discrete I" even if H is separable
infinite-dimensional. Indeed, if H is separable then H" is also separable and
every separable subset of Cy(I') is metrizable.

However, by using Theorem 2.3 and the fact that H” is o-compact, we are able
to give an answer to the question concerning H". C,(X, H") is Lindelof for every
separable metric space X. The proof of this result actually works in more general
situations (e.g. for general L,(u) spaces in the w-topology if 1 < p < c0). Some
of the ideas in this proof were suggested by E. Michael who used them, together
with Theorem 2.3, to prove a special case of Theorem 2.4.
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THEOREM 2.4. Let X be a topological space which is a continuous image of
a separable metric space, and let H” be (a not necessarily separable) Hilbert
space in the weak topology. Then C(X,H") is a Lindeldf space.

Proof. It is well known that every compact metric space is a continuous image of
the Cantor set and that every separable metric space is homeomorphic to a subset
of a compact metric space (e.g. the Hilbert cube). Hence there is a totally dis-
connected subset Y of R and a continuous function ¥ from Y onto X. Let
¥: C,(X,H")— C,(Y,H") be defined by ¥ f(y) = f(¥(y)). ¥ is a homeomorphism
into. Let S™ denote the unit cell of H (in the w-topology) and let N be the integers
(in the discrete topology). We define ¢: N X S"> H" by ¢(n,z)=nz, and
®: C,(Y,N x §") - C,(Y,H") by ®f(y) = ¢(f(y)). @ is clearly a continuous map.
We show now that @ is onto. Let ge C,(Y, H"). Since g is locally bounded, there
is an open covering % of Y such that g maps every element of the covering to a
bounded subset of the Hilbert space. Since Yis a totally disconnected subset of R
the covering % has a refinement ¥~ = {¥;};%, consisting of mutually disjoint open
and closed subsets V; of Y. Let n; be an integer which is larger than sup, .|| 2() |
(i=1,2,---) and define f: Y- N X S” by f(y) =(n;,g(y)/n;) if yeV, Then
feCy(Y,N xS*) and g=®f.

It follows from the preceding arguments that in order to prove the theorem it
is enough to show that A4 =® '¥(C,(X,H") is a Lindelsf subspace of
C,(Y,N x S"). Let {e,},cr+ be an orthogonal basis of H and let I' = {1} UT*.
We embed N x S”in Cy(T") by letting (n,z) correspond to the point whose first
coordinate is n and whose y coordinate (y € I'*) is the inner product (z,e,). We can
thus consider C,(Y,N X S") (and therefore A) as a subspace of C,(Y,Cy(I")
= Co(I',C,(Y)). It is easy to check that A is a subset of Co(I',C,(Y)) which is
invariant under projections. Also for every f € C,(Y, N x S) there is a G; subset
Y, of R (or, what amounts to the same thing, of Y), with Y, oY, such that f can
be extended to a continuous function F from Y; to N x S¥ (cf. the proof of
Theorem 2.3). The fact that A4 is a Lindeldf subspace of Co(I, C,(Y)) follows now
from Lemma 2.1. This concludes the proof of the theorem.

In Lemma 2.1 we consider functions from a discrete space to a space of the
form C,(X). Our final result in this section shows that, if X is countable then
Lemma 2.1isstill true if the discrete space I is replaced by an arbitrarily locally
compact metric space Z.

THEOREM 2.5. Let Z be a locally compact metric space and let L be a separable
metric space. Then C(Z,L) is a Lindeldf space.

Proof. Let {Z,}, be pairwise disjoint open o-compact subsets of Z such that
Z= U,erZ,. (The existence of such Z, is an easy consequence of the fact that Z
is paracompact.) Let Y be the disjoint union of a countable number of copies of
the Cantor set. Since every compact metric space is a continuous image of the
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Cantor set it follows that every Z, is a continuous image of Y. Moreover it is easy
to see that for every y there is a continuous function ¢, from Y onto Z, such
that ¥, !(K)is a compact subset of Y for every compact subset K of Z,. Define now
¥:Co(Z,L)-> Co(I' x Y,L) by putting ¥f(y,y) =f(¥,(y), feCo(Z,L). That
YfeCyI x Y,L) follows from our assumption on the y,. Since L, like any
separable metric space, is homeomorphic to a subset of C,(N), we may consider
Co(I' X Y,L) as a subset of Co(I' X Y,C,(N)) (we assume, as we may, that the
homeomorphism from Linto C,(N) takes the point 0’ in L to the zero function
on the integers). There is a natural injection (homeomorphism into) ® from
Co(I' X Y,C,(N)) into Co(I', C,(N,Co(Y))) defined by @f(y)(n)(y) =f(v,y)(n).
The space Cy(Y) is separable metric and hence it is homeomorphic to a subset of
C,(N). Thus we can identify Co(I',C,(N,Co(Y))) with a subset of

CO(F’ Cp(N’ Cp(N))) = Co(ra Cp(N X N))-

It is easy to check that, with these identifications, the map ®¥ maps Cy(Z,L)
homeomorphically onto a subset of Co(I',C,(N x N)) which is invariant under
projections. An application of Lemma 2.1 gives the desired result.

Note. Theorem 1 of [2] states that Cy(Z) is Lindelof under the w-topology
derived from giving Cy(Z) the uniform norm. Let S be the unit cell of the Banach
space Cy(Z). Then Cy(Z) is w-Lindeldf ift S is w-Lindelof. Using the Riesz
representation theorem for Cy(Z)* it is easy to prove that the w-topology on S
is weaker than the compact open topology. Consequently Theorem 2.5 with
L= R implies the result of [2].

3. Examples. We begin with comments and examples concerning the various
assumptions in the statement of Lemma 2.1.

(1) It is easily seen that Lemma 2.1 no longer holds if we drop the assumption
that A is almost invariant under projections. In fact, even Cy(I') has subspaces
which are not Lindelof if I is uncountable. Let y,, yeT, be the element of Cy(I)
whose y coordinate is 1 and all the rest are 0, and let A = {y,},.r. A4 is a discrete
uncountable space and hence not Lindelof. A4 is in a sense ‘‘nearly”’ invariant
under projections—if we add to A the zero function we obtain a subset of Cy(I)
which is invariant under projections (this set is, of course, also homeomorphic
to the one point compactification of A4).

(2) We cannot drop the assumption concerning the existence of X, and F in
Lemma 2.1. The example which shows this is due to E. Michael. It is known [7]
that there is an uncountable separable metric space X such that every countable
subset of X is a G; set. In fact X can be taken to be a suitable subset of R. Let us
recall the construction. To every ordinal a, less than the first uncountable ordinal
Q, we assign a G, subset X, of R with Lebesgue measure 0 so that for every «
X,> LJ,M,,X,9 with proper inclusion. This can be done since every subset of R
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with measure 0 is contained in a G, set with measure 0. For every a pick a point
X, € Xy ~ | p<aXp. The set X = {x,:a < Q} has the desired properties.

We claim that for this space X the spaces C,(X, Co(I')) and C,(X, H?) are not
Lindelof spaces if I' is discrete uncountable and H? is a nonseparable Hilbert
space with the topology of coordinatewise convergence (with respect to a fixed
orthonormal basis). The proof is actually valid for every separable space X,
which has an uncountable set X, such that every countable subset of X, is a G;
subset of X,. For the proof it is clearly enough to consider the case where the
cardinality of I' (or of the basis of the Hilbert space) is N;, and hence let
I={a:a<Q}. Let U,, acT, be the open subset of C,(X,Cy(I') defined by

Up={f:|f(x) (@] <1}.

Since X is separable there is for every f € C (X, Co(I)) a countable subset I'; of I"
such that f(x) =0 (and hence f(x,)(x)=0) if aeI' ~T',. Consequently the
{U,}s r form an open cover of C,(X,Cy(I). Let I’y be a countable subset of I.
The set Xy = {x,: aey} is a G; subset of X, and hence there is a decreasing
sequence {V,},%; of open subsets of X such that Xo =("),2V,. Let {o,},2, be
an enumeration of the elements of I'y, and let f,e C,(X,[0,1]) be such that
fil(x,,) =1, fi(x,) =0 if i <n and f(x) =0 if xe X ~ V,. Then for every xe X
there is only a finite number of indices n such that f,(x) # 0. Let f € C(X, Co(T'))
be defined by

fi(x) ifa=a, n=1,2,--,

J@)(x) = { i
0 if a¢l.

Note that f maps X into the subspace of Cy(I") consisting of all the elements which
vanish off a finite subset of I" and in particular into H? (in its canonical embedding
in Cy(I")). For every a eI’y we have that f(«)(x,) =1 and hence U,e,-o U, does
not contain C,(X,Co(I')) and it does not cover even the entire space C,(X,HP).
This concludes the proof of the fact that neither C(X, Co(I')) nor C,(X, H?) are
Lindelof. This example shows also that the completeness assumption cannot be
discarded in the statement of Theorem 2.2.

(3) Lemma 2.1, as well as Theorems 2.2, 2.3, and 2.4, no longer holds if we do
not require that X be separable. Let X be the disjoint union of an uncountable
number of copies of I =[0,1]. Then X is locally compact but C,(X,I) is not a
Lindelof space. In fact, C,(X,I) is homeomorphic to the product of an uncount-
able number of copies of C,(I,I) and, since C,(I,I) is not countably compact,
C,(X,I) is not even normal (cf. A.H. Stone [10]). If I' is a discrete space, then
C,(I,I) is compact and hence Lindeldf, but if I is uncountable, C,(T',R) is not
even normal (C,(T',R) is, of course, the product of an uncountable number of
copies of R). Consequently we cannot replace Co(T',C,(X)) in Lemma 2.1 by
C,(T', C,(X)) or replace Co(I") by C,(I') in Theorems 2.2 and 2.3.
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(4) Theorem 2.5 shows that if X is a countable space then Lemma 2.1 is still
valid if we replace the discrete space I' by a locally compact metric space Z. We
now present an example which shows that this may fail to hold for uncountable
separable (in fact, compact) metric spaces X. We shall show that the spaces
C(,Cy1I)) and C,I,C,I)) are not normal spaces and therefore not Lindeldf.
We identify C(I, C,(I)) with the space C*(I x I) consisting of all separately contin-
uous real-valued functions on I x I with the topology of uniform convergence on
sets of the form {x} x I, xel. Similarly, C,(I,C,I)) can be identified with
C,(I x I) which consists of the same functions as C(I x I) but its topology
is that of pointwise convergence on I X I. The polynomials in two variables
and rational coefficients are dense in both C'(I x I) and C,(I X I). We shall
show that Cj(I x I) has a subset 4 of cardinality N (the cardinality of I) which
is discrete and closed. This set will, of course, be also discrete and closed in
C*(I x I). By Tietze’s extension theorem the existence of such a set A implies that
C°(I xI) and C(I x I) are not normal. Indeed, the cardinality of C(4,I) is 2
while for every separable B (and hence for C°(I x I) and C(I x I))the cardinality
C(B,I) is = N.

Let tel and let f,e C°(I x I) be a function which satisfies

fi(x,y)=1if xstsyorif y<t=<x,
*
) filx,x)=0 if t # x.

Such an f, is easy to construct. Take 4 = {f,: teI}. This set has the required
properties. Indeed, assume that there is a net {f, } in 4 which is not ultimately
constant and which converges pointwise on I X I to some ge C’(I x I). By
passing to a subnet, if necessary, we may assume that t,— ¢t for some tel. We

have

g(t,t) = limf, (t,1) =0.

Since g is separately continuous there is an h > 0 such that | g+ h, t)| <1/2
and | g(t—h, t)| <1/2 (if t =1 we omit the requirement concerning t + h, si-
milarly if ¢ =0). Since the f, converge pointwise to g there is an a, such that
o > a, implies

(**) |f(t+h0)|<land |f,(t—h1)| <1

By (*) and (**) t,¢(t — h,t + h) for « > &, and this contradicts the assumption
that ¢, — ¢.

This concludes our discussion of the conditions appearing in Lemma 2.1 and
the other results of §2 which deal with the topology of pointwise convergence in
the function spaces. We now turn our attention to the compact open topology.

Let X be a locally compact metric space, and let L be a linear space. If Lis
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metrizable and separable (e.g. L= H" or L= H” where H is a separable Hilbert
space) then, by Theorem 2.5, Cyo(X, L) is a Lindel6f space. This is true also for
some nonmetrizable L; H" is an example if H is separable. Indeed, for every
feCy(X,H"), f(X) is a bounded subset of the Hilbert space and hence
Co(X,H”) = )7~ 1Co(X,nS™) where S is the unit cell of H. Since S¥is metrizable
Theorem 2.5 implies also that Co(X, H") is a Lindelof space.

Let us now assume that H is a nonseparable Hilbert space. Clearly Co(X,H")
is not Lindeldf even if X consists of a singie point. The spaces Co(X, H?) and
Co(X,H"™) are not Lindelof unless the locally compact metric space X is discrete
and countable. If X is countable and discrete then Cy(X,HF) and Cy(X,H")
are Lindelof spaces by the results of §2. In order to show that for all other locally
compact metric X, Co(X, H") and Co(X, H?) are not Lindeldf it is enough to show
that for these X, Co(X, S*) is not Lindelof. If X is discrete and uncountable then
it is easy to see that Co(X,S™) has a closed subset which is homeomorphic to a
product of an uncountable number of copies of Cy(N,I) (N = the integers,
I=[0,1]) and therefore Cy(X,S™) is not even normal. Assume now that X
contains a subset X, homeomorphic to the one point compactification of N, and
let {e,}, or be an orthonormal basis of H. For every yeI let U, be the open
subset of Cy(X,S") defined by

U, = {f: feCo(X,S*), | (f(x),e,) | < 1for all xeX,}.

Since f(X,) is separable for every fe Co(X,S™) there is always a yeI” such that
(f(x),e,) = 0 for every x € X,. Hence U},erUy SCy(X,S"). Let Xo={xy,X;,-*,X}
with x; > % and let {y;};2; €. There is an fe Co(X,S") such that f(x)=e,,
i=1,2,--- (and f(%)=0). This can be easily shown directly and it follows also
from the extension theorem of Dugundji [4]. We have that f¢ U,~°=°1 U,, and
hence Cy(X,S™) is not Lindelof.

Take now, in particular, a compact infinite metric space X. C(X) is a complete
separable metric space. C(X,S"™) can be identified with the closed subspace of
IT1=T11, rC, (Where C, = C(X) for every y) consisting of the f €[] for which
2,f*(y)(x) £1, xe X. This subspace of [] is a closed subspace of the X product
(cf. [1]) of the C,, i.e., the set of all elements of || whose coordinates vanish for
the y outside a countable subset of I'. These remarks, together with the observation
made above that C(X,S™) is not Lindelsf, show that C(X,S™) can replace the
space F, used in [1] for giving a counterexample to a conjecture of Kelley (we
refer to [1] for details). This may be of interest since C(X,S"™) arises by standard
operations while F, is constructed purely for its unusual properties.

Let X be a separable metric space and let H be a separable Hilbert space.
Then C(X,H"), C(X,H") and C(X,H") are Lindelof spaces. For C(X,H") and
C(X, HP) this fact is an immediate consequence of Lemma 4.1 (H" and H? are
separable metric spaces), while for C(X, H™) we have to use, besides Lemma 4.1,
the observation that every element in C(X, H") is locally bounded. Michael [9]
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has proved a stronger result; namely that for these X and H, C(X,H"), C(X,H?)
and C(X,H") are N, spaces, a property which is stronger than the Lindelof
property.

Let us sum up the results concerning mappings from metric spaces into Hilbert
spaces. In the squares of the first row of the table below we have written down
all locally compact metric spaces X for which Co(X,Y) is a Lindelof space.
In the other two rows we have written down all the metric spaces X for which
the corresponding function space is Lindelf. All the results contained in the
table were either stated before or follow easily from the preceding discussions.

H separable H nonseparable
Y=H"|Y=HY| Y=HP|Y=H" Y=HY Y = HP
Co(X, Y) all X all X all X no X iff X is iff X is dis-
discrete count- crete countable
able
Cp(X,Y) | iff Xis | iff Xis | iff Xis no X iff X is if X is a continuous
separable | separable | separable separable image of a complete
separable metric
space. Not for all
separable X. For no
nonseparable X.
CX,Y) | if Xis | iff Xis | iff X is no X iff X is dis- iff X is dis-
separable | separable |separable crete countable crete countable

4. The proof of Lemma 2.1. This section is devoted to the proof of Lemma 2.1.
The statement of Lemma 2.1 becomes much simpler if we consider the special
case where X is complete metric and A = Co(T, C,(X)). However our proof
of this special case is not simpler than the proof of the more general result.

We state now three simple results which we shall need in the proof of Lemma 2.1.
Lemma 4.1 is due, essentially, to Michael (cf. [9]).

LEMMA 4.1. Let X be a topological space with a countable base, and let I'y
be a countable discrete space. Then for any subset A = C,(I'y, C,(X)) there is a
countable collection of subsets & of A such that, given any fe A and any open
set U containing f, f € S < U for some S in &.

Proof. C,(I'y, C,(X)) is homeomorphic to C,(Y) where Y is the disjoint union
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of countably many copies of X. Consequently, we need only to prove the lemma
for subsets 4 of C,(Y). Note that Y has a countable base # since X does. Let 2
be a countable base for the reals.

For each Be # and each De 9 let (B, D) = {fe A:f(B) <= D}. The collection
of all such (B, D) has the required properties.

LEMMA 4.2. Let Y be an uncountable separable metric space. Then Y has
a countable subset K such that no point of K is isolated in K.

Proof. Take as K a countable dense set in the perfect kernel of Y.

LeEMMA 4.3. Let Y be a complete separable metric space and let K be a
countable dense subset of Y. Let 0 be a function from K to the open sets in Y such
that k € 0(k) for each ke K. If no point of K is isolated in Y, then there is some
y €Y such that y € 0(k) for infinitely many k.

Proof. Let0(k,n),keK,n = 1,2,---, be an open subset of (k) which contains
k and has a diameter less than 1 /n. Let A4, be the complement of UkGKH(k, n).
A, is closed and nowhere dense in Y. If each point of Y were in 6(k) for only
finitely many k, then every point of Y is either in K or some A,. This contradicts
Baire’s theorem.

The main step in the proof of Lemma 2.1 is the proof of the next lemma. This
lemma is, in a sense, a local version of Lemma 2.1. Before stating this lemma,
we introduce some notations.

A net {f,} in Co, = Cy(T", C,(X)) converges to an element fe C, if and only if
f7) (x) = f(y) (x) for every y e I" and x € X. It follows that C has a base composed
of sets constructed as follows: Pick a finite subset P of I' X X and a function y
from P to the open subsets of the real numbers. Let [P, y/] denote the set of all
feCy such that f(y) (x)ey(y,x) for each (y,x)eP. The [P, y] are sets to be
used as a base for C,. Foreveryset P = T’ x X, let

P’ = {y:(y,x)€ P for some xe X}
and
P" = {x:(y,x)e P for some yeT}.

LEMMA 4.4. Assume that X is a separable metric space and that I is discrete.
Let A be a subset of Cy = Co(T, C(X)) such that, for every fe A, there is G,
subset X, of X (the completion of X) containing X, and an F e Cy(T, C,(Xp)
such that F(y) (x) = f(y) (x) for every yeT and xe X. Let n be an integer and
let 9 be a finite collection of open sets around 0 in R such that R €'D. Let Utbe a
collection of subsets of C, consisting of sets of the form A N [P,y] = U where P
is a subset of ' x X with at most n elements, and \ is a function from P to 9
(P and  depend on U in % but D is fixed). Then there is a countable subset ¥
of % such that | Ju = U7
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Proof. The proof is by induction on n. The lemma is obvious for n = 0, so
suppose that it is true for n — 1. Moreover, suppose that it is not valid for the
collection %. We will argue for a contradiction.

Suppose that there is a countable subset I'y of I' such that, for each

[Pyl NAeu,

some y€ P’ is also in T'y. Let ¥ be a countable collection of subsets of A/,
having the properties of Lemma 4.1. Foreach Se &, let %(S)={Ue#%: U|T', o S},
let S*={fe Cy: fIToeS}, and let %(S*) = {UN S*: Ue%(S)}. It is easy
to see that each element of % (S*) is of the form [F,y] N 4 N S*, where F has
fewer than n elements. By the inductive assumption, there is a countable subcover
Y'(S*) for #%(S*). Let ¥(S) be a countable subset of #(S) such that each
V*e ¥ (S*) is of the form ¥V N S* for some V €¥77(S). Then

v = J{(¥(5): Se &}

is a countable subcover for %.

Since we have assumed that the lemma is not valid for %, it must be true that,
for each countable T'y, < I, there is a [P,y¥] N A€ such that P’ NI, = .
For each ordinal a less than the first uncountable one Q, let us pick a
U, =[P, ¥,] N A such that P, NPy = if a # B. This is possible because
(UJ{P,: « < B} is countable and there is consequently some [P, ] such that P’
does not meet this set.

We will now assume that each P, has exactly nelements. This is possible, since
we may just add some more elements to P, if necessary and define y, on these new
elements to be R.

Let X" denote the product of n copies of X. For each a < Q we pick a point
x* = (x{,x%,--,x3) in X" suchthat each z € P} is equal to x; forexactly as many
i as there are (y,x) in P, with x = z.

First suppose that {x*: « < Q}is a countable set. Thensomefixed y € X" equals
x* for uncountably many a. Let K be a countable (infinite) set consisting of such «
and let D = N 2. Sincethelemmais not valid for % thereis a function f in U%,
and hence in C,, such that fis not in U, for anya € K. This means that, whenever
aeK, f(1,) ()¢ Yo7 ¥ ;) for some y, € P, and some j. Since y hasonly n coordinates,
there is some fixed j, which has the latter property for infinitely many o€ K.
Consequently, for all such «, f(y,)(y;,) is not in D. That contradicts the fact
that f vanishes at infinity on I

The previous argument implies that {x*: « < Q}is an uncountable subset of X".
By Lemma 4.2, there is a countable set K of ordinals less than Q such that
{x® a e K} hasnoisolated point. Since the lemma is not valid for %, there is some
f € Awhich is not in U, for anyxe K. Let X bea G, subset of X containing X
such that thereis an F e Co(T', C (X)) for which f(y)(x) = F(y)(x), yeT, xe X.
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By the choice of f we see that for every o € K thereis some y,€ P, and some j,
such that f(y,)(x7) is not in ¥,(y,,x;). Consequently,

F(ya)(x7) =f(r)(x;)¢D  if aeK.

Let ¢ > Obechosensothat all real numbers within 2¢ of Oarecontained in D. For
each a € Klet B,be anopenset in X (containing xj, suchthat F(y,) varies by less
than ¢ over B,. Then | F(y,) (x)l > ¢ for each x in B,.

We denote by W, the openset in X7 (the Cartesian product of n copies of X )
around x* defined by: ye W, iff y; e B,. By Lemma 4.3, there is a point ge X}
such that g e W, for each a € K, where K, is an infinite subset of K. (We apply
Lemma 4.3 by taking as Y the closure of {x*: a€ K) in X7, and noticing that X ,,
and hence X, can be given a complete metric.) It follows that g; € B, for each
o € K. Since g hasonly a finite number of coordinatesthereis a j, and an infinite
subset K, of Kysuchthat q;, € B,foreacha e K,. Hence | F(y.) (4, | > ¢ for each
o € K,.This contradicts the fact that F vanishesat infinity and completes the proof
of the lemma.

We passnow to the proof of Lemma 2.1 itself. Let A beasubset of Co (T, C, (X))
which satisfiestheassumptionsin thestatement of the lemma. We call a countable
subset of I' admissible if it is one of the subsets whose existence is ensured by the
assumption that 4 is almost invariant under projections.

Let % bean open cover of 4 by sets of theform[P,y] N 4. Let # be a fixed
countable base of R and let Z, = {Be #:0e B}. We may assume that the range
of each ¥ is contained in 4. Let I’y be a countable subset of I'. By Lemma 4.1 there
is a countable collection & of subsets of A /T"; such that, whenever fe U /T, for
some U e %, thereis an Se & with fe S < U/T’,. Define foreach Se¥ and each
finite subset 2 of %,

U(S,2)={U=[P,y]NAe%: S U|T, and
U(y,x) €2 if (y,x)eP and y¢T,}.

Let S*={feA: f[T,eS}. Define #*(S,2)={UNS*:Ue% (S, 2)}. Each
element of #*(S,2) is of the form S*NAN[P,y] for [P,y] such that
Y(y, x) e 2 for every (y,x) € P. Consequently, by Lemma 4.4 there is a countable
subcover ¥ ¥(S, D) of #*(S,2). Let ¥ (S,2) bea countable subset of %(S, 2)
such that each V* e ¥"*(S, D) is of the form V NS* for some Ve 7 (S, 2). Let
¥ o=J{¥(5,2):Se& and @ < B,}. ¥, is countable and | J¥", contains
(s, 2) for all Se& and 2 c A,

It follows from the preceding argument that we can construct, inductively, a
sequence I'; of subsets of I' and a sequence ¥"; of countable subsets of % so that

(i) Each I is countable and admissible,

() TiceTly,, i=1,2---,

(iii) For every i,U“//' ; contains each [P,y] N Ae# for which y(y, x)e %,
whenever (y,x)eP and y ¢,
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(iv) For i 22,
I sUP:[Py]lnderi ).

Let ' = | J2T;, and let f € 4. Since I, is admissible, f/T,, € A. Hence there is
aU=[P,y] N Ae % suchthat f|T e U. Since P is finite, there is a finite i such
that P’ NI, = P’ NT,. Since f/T ,, vanishes outside ', ¥(y,x) € By if (y,x)e P
and y ¢ I' ., and hence (by (iii)) U is contained in U‘I/ ;» Therefore f/I' € U Y
Since f/I', =f on T, it follows (use (iv)) that f /FweU“/f ; implies that also
er“//,-. Therefore any f e 4 is in UV/, where ¥ = U{“I/i: i=1,2,---}. The
subcover ¥ of % is countable. This concludes the proof of Lemma 2.1.
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