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1. Introduction. The purpose of this paper is to study the following question.

Let X be a topological space, and let L be a locally convex linear topological

space. Under what assumptions (on X or L) is the space of all continuous functions

from X into L a Lindelöf space in the topology of pointwise convergence or in the

compact open topology? Our main interest is in the case where X is a metric space.

We have posed a very general question, and it is not to be expected that it has a

simple complete answer. The results and examples we present here give, however,

an answer to this question in many standard situations which arise in functional

analysis. Our study of the question above arose from attempts to extend the

selection theory of Michael to the case in which the range is nonmetrizable. It

turned out that Michael's theorems can be generalized practically only in those

situations where suitable function spaces are Lindelöf spaces (cf. [3] for details).

In §2 we prove some theorems which exhibit many function spaces which are

Lindelöf spaces. A typical example is the following result: the space of all con-

tinuous functions from a separable metric space X to a (possibly nonseparable)

Hubert space with the weak (w)-topology is a Lindelöf space, if we endow it with

the topology of pointwise convergence. The proof of this result is rather involved

even for compact X (only in the case in which X is countable can the proof be

simplified considerably). The difficult part of the proof of this result (as well as the

proofs of the other results of §2) is the proof of Lemma 2.1. This lemma is stated

in the beginning of §2, but its proof is given only in §4.

§3 is devoted to examples which show that in many respects the results of §2

are the best possible ones. At the end of §3 we give a table which summarizes our

results concerning spaces of continuous functions from a metric space to a Hubert

space H (taking in H three topologies—the norm topology, the w-topology and

the topology of pointwise convergence of the coordinates with respect to a fixed

orthogonal basis).

§4 is, as mentioned already, devoted to the proof of Lemma 2.1. The methods

used in the proof are refinements of those used by one of the authors in [2].
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There are some important linear spaces L for which we are unable to decide

whether they are Lindelöf spaces. For such spaces Lwe cannot, of course, prove

any nontrivial result concerning the question whether the space of continuous

functions from a metric space X into L is a Lindelöf space. We do not know,

for example, whether the space Lx(p) is a Lindelöf space in the w-topology for

every finite measure p. This question was left open in [2] as a special case of a

more general conjecture.

Acknowledgment. We wish to thank E. Michael for many helpful conversations

concerning the subject of this paper. His suggestions are responsible for many

improvements. In particular, the elegant example (2) in §3 is due to him.

Notations. The linear spaces we consider are taken (unless stated otherwise)

over the reals R. This is only a matter of convenience; all our results hold also

in the complex case. For the notions and results in topology and the theory of

linear spaces which we use without specific reference the reader may consult

the standard books [5], [6], and [7].

Let T and L be topological spaces and let 0 be a fixed point in L (if L is a linear

space we shall always take 0 as the origin). We will say that a function / from T

to L vanishes at infinity if, given any open set U around 0 in L there is a compact

subset F of T such that f(y) is in U for every y in the complement of F. Let

C0 = C0(r, L) denote the space of all continuous functions from T to L which

vanish at infinity, where C0 is given the compact open topology. If L= R we

denote C0(r,L) also by C0(r).

For a function/e C0 and a subset T0 c r let//r0 denote the function from T to

L which agrees with / on T0 and which has value 0 for y e F ~ r0. For a subset A

of C0 let A/r0 = {firo:feA}.

Suppose now that T is discrete and that T0 c T. The map f^f¡T0 takes

C0 = C0(r,L) into itself and it is called the canonical projection from C0 onto

C0/r0. A subset A of C0 is said to be invariant under projections if A¡r0 cz A

for every countable subset ro of T. A is said to be almost invariant under pro-

jections if there exists a set {Fß}ßeB of countable subsets of T, directed by inclusion,

such that A ¡Tß cz A for every ß, [JßTß = T and such that whenever r^, <= Fßl cz Fß3 ■ • ■

then also \^)¡ZxTfi¡ is one of the Tß, ßeB.

Let X and L be topological spaces. We denote by C(X,L) the space of all

continuous functions from X to Lin the compact open topology. The same space

but with the topology of pointwise convergence will be denoted by CP(X,L).

The spaces C(X,R) and CP(X,R) will be denoted also by C(X) and Cp(X) re-

spectively. Let X and y be topological spaces and let/ e C(X, C(Y)). The value of

the function f(x), x e X at the point y e Y will be denoted by f(x) (y). Let T be a

discrete space, let yeT and f eC(T,L). The point/(y) in L will be called also

the y coordinate off.

The closure of a set A in a topological space will be denoted by Â.
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2. Spaces of continuous functions which are Lindelöf spaces. The following is

the basic lemma on which all the theorems of this section depend.

Lemma 2.1. Let X be a separable metric space and let Xbe its completion.

Let T be a discrete space and let A be a subset of C0(F,Cp(X)) which is almost

invariant under projections. Assume further that for every feA there is a Ga

subset Xf of X and an element FeC0(T,Cp(Xf)) such that X cz Xfcz X and

F(y)(x) =f(y)(x)for every yeF and every xeX. Then A is a Lindelöf subspace

of c0(r,cp(x)).

The proof of this lemma is rather long and will be given in §4. The role of the

various assumptions appearing in the lemma will be discussed in the next section.

The examples given there show that Lemma 2.1 is in many respects the best

possible one in this direction. We just remark here that the assumption concerning

the existence of Xf and F is always trivially satisfied if X is a G¡ set in X, i.e., if X

has an equivalent metric in which it is complete.

Several results will now be shown to follow from Lemma 2.1.

Theorem 2.2. Let X be a topological space which is a continuous image of

a complete separable metric space. Let T be a discrete space and let L be a

subset of C0(T) which is almost invariant under projections. Then Cp(X,L) is

a Lindelöf space.

Proof. Let ^ be a continuous function from a complete separable metric

space y onto X. We define a map ¥ from CP(X,L) into C0(r, Cp(l)) by

(2.1) *P/(y)O0 =My)(i), y e r, y e y.

For every y e Y and e > 0 the number of the y e T for which | *P/(y) (y)\> s is

finite, since f(\py)eLcz C0(T), and hence *F/eC0(r,CJJ(y)). *F is a one-to-one

map since \¡i is onto. W is also a homeomorphism (into) since a net {/„} in Cp(X,L)

converges to/iff {fx(x)(y)} converges to/(x)(y) for every xeX and yeT, i.e., iff

{fÁ4/(y))(y)} converges to f(i¡/(y))(y) for every ye Fand yeT. The range off is

almost invariant under projections. Indeed if T0 cz T is such that L/T0 cz Land if

/ e Cp(X, L), then Q¥f) /T0 = YOPq/) where P0 is the canonical projection from

C0(r) onto C0(r)/T0. Since P0feCp(X,L), it follows that

V(Cp(X,L))ir0czV(Cp(X,L)).

The theorem follows now by applying Lemma 2.1 to the subset W(Cp(X,L)) of

C0(T,CP(Y)).

We point out that any countable topological space X satisfies the assumption of

Theorem 2.2, since it is a continuous image of the integers.

Our next result is similar to Theorem 2.2. The only difference is that now we

require that L is compact (though not necessarily almost invariant under pro-

jections) and allow more general X.
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Theorem 2.3. Let X be a topological space which is the continuous image

of a separable metric space. Let F be a discrete space and Lbe a compact subset

of C0(T). Then CP(X,L) is a Lindelöf space.

Proof. Let \¡i be a continuous map from a separable metric space Y onto X.

Define *¥: Cp(X,L)^> C0(T,C (Y)) by the equation (2.1). As above Ï is a

homeomorphism into (but in general ^(CpOY, L)) is not almost invariant under

projections). Let A be the subset of C0(T,Cp(Y)) consisting of all the functions/

which satisfy

(i) There is a g e Cp(X, C0(F)) such thatf=x¥g Ç¥ is defined in (2.1), the

definition clearly makes sense for the whole of Cp(X,C0(F)) and not only for

Cp(X,L).

(ii) There is a Gs subset Yf of the completion F of F with Yf => Y and an

F e C0(r, Cp(Yf)) such that F(y)(y) =f(y)(y) for every y e F and y e Y.

We shall prove that

(a) *F(Cp(X,L)) is a closed subset of A,

and

(b) A is invariant under projections.

This will conclude the proof of the theorem since, by Lemma 2.1, (b) implies that

A is a Lindelöf space and hence by (a) and the fact that *F is a homeomorphism

we get that also Cp(X,L) is a Lindelöf space.

We pass to the proof of (a). Let ge Cp(X,L), we have first to show that WgeA

i.e. that *¥g satisfies condition (ii). Let {x¡}fLx be a dense sequence of points in X.

Since Lcz C0(F) there is a countable subset T0 of T such that g(x¡)(y) = 0 if

yer~r0 and i = 1,2, —. It follows, by the continuity of g, that

g(X)czLn(C0(T)IT0).

The set Ln(C0(r)/r0) is compact and metrizable.

We need now the following known fact (cf. [7]). Let « be a continuous function

from a subset M of a metric space M into a complete metric space Z. Then h can

be extended to a continuous function H from M0 to Z for some Gö subset M0 of M

containing M.

We apply this result to the situation we have by taking h(y) = g(<K.y))> M = Y,

M=f, and Z = Ln(C0(r)/r0). We get that there is a Gs subset Y0 of Y with

YczY0czf and an element HeCp(Y0,L) such that H(y) = g(i¡/(y)) for ye<Y.

Let FeC0(T,Cp(Y0)) be defined by F(y)(y) = H(y)(y), yeY0, yeT. For yeY,

we have

F(y)(y) = H(y)(y) = g(^(y))(y) = Vg(y)(y),

and hence f=xVg satisfies (ii). This shows that ^(C^X^)) is a subset of A.

The fact that it is a closed subset of A is a consequence of our assumption that L

is compact and thus closed in C0(r).
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We turn to the proof of assertion (b). Let f=xVg for some g e Cp(X, C0(r))

and let T0 be a countable subset of T. Then //T0 = *F(P0g), where P0 is the

canonical projection from C0(T) onto C0(r)/r0, and hence also//r0 satisfies (i).

Assume now that/satisfies (ii) and let Yf and F be a suitable Gs subset of Fand

function respectively. Then FIF0eC0(F,Cp(Yf)) and FjT0(y)(y)=f/F0(y)(y)

for every yeT and y e Y, and hence //r0 also satisfies (ii). This concludes the

proof of assertion (b) and thus of Theorem 2.3.

We turn now to some examples of spaces L which satisfy the assumptions in

Theorem 2.2 or Theorem 2.3. Let 0 < p < oo and let T be a set. The space L— lp(F)

of all real-valued functions on F for which Z,,6r|/(y)|p < oo clearly satisfies the

assumption of Theorem 2.2 if we take in it the topology of pointwise convergence

(i.e. the topology induced on it by C0(r)).

Another example. Let G be a compact Abelian topological group and let F

be the (discrete) dual group. The Fourier transform T maps Lx(pG) (pG denotes

the Haar measure on G, we use here the complex Lx space) into C0(r). The image

of Lx(pG) is almost invariant under projections. In fact, let T0 be a countable

subgroup of T, let G0 be the subgroup of G orthogonal to ro and let/ e Lx(pG).

The function f0eLx(pG) defined by

fo(g) =       f(ggo)dpGo,
JGo

(pGo is the Haar measure on G0) satisfies

J f(g)y(g)dpG        if y e r0,

J>(g)y(g)àpG   =

I   0 ifyer~r0

Since the set of countable subgroups of T is directed by inclusion and closed

under the operation of taking the union of an increasing sequence we have thus

verified the assertion made on Lx(pG). (A similar assertion holds also for non-

commutative G, cf. [2].) Observe also that if the function / above belongs to

Lp(pG) for some 1 ^ p ^ oo then the same is true for f0, and hence for every

1 z% p i% co the subset TLp(pG) of C0(r) is almost invariant under projections.

It follows now from Theorem 2.2 that Cp(X, Lp(pG)) is a Lindelöf space if X is

a complete separable metric space and if the topology in Lp(pG) is the topology

of pointwise convergence on the characters (i.e. /,=»/ iff

fx(g)y(gWG^    f(g)y(g)dpc
Jg Jg

for every y e T). This topology is weaker than the w-topology of Lp(pG) (for p = oo

it is also weaker than the w*-topology since the characters belong to Lx(pc)).
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Let now p be a measure on a general measure space. By a theorem of Maharam

[8] there is a set {Ga}aea of compact Abelian groups (with Haar measure px)

so that Lp(p) is isometric to ( Za © Lp(pa))p for every 1 ^ p z% oo (the direct sum

is defined to be the set of all functions u defined on fi such that w(a) e Lp(px) and

|| u I =( Za| u(ot) \\p)1,p < oo). If ju is cr-finite, the set Cl will be countable. It follows

that, for every measure p and every 1 ;£ p < oo, there is a locally convex Hausdorff

topology on Lp(p) which is weaker than the w-topology and is such that Lp(p)

with this topology is linearly homeomorphic with a linear subspace of C0(r)

(r a discrete space) which is almost invariant under projections. In the proof we

gave T is the disjoint union of the sets {roi}OIsn where rx is the dual group of

Ga. If p is <T-finite, there is also a locally convex Hausdorff topology on Lœ(p),

which is weaker than the w*-topology such that Lx(p) with this topology is

linearly homeomorphic with a linear subspace of C0(r) which is almost invariant

under projections.

If L is a w-compact subset of Lp(p) for some 1 ^ p < co then the topology on

Lp(p) which was described in the preceding paragraph coincides on L with the

w-topology. Hence we may apply Theorem 2.3 to a w-compact subset Lof Lp(p),

1 ^ p < oo. The same is true for a w-compact and even w*-compact subset of

Lœ(p) if p is cr-finite.

Theorem 2.2 shows that if X is a complete separable metric space then it is

possible to introduce in many of the common linear spaces L a locally convex

topology which is rather weak so that CP(X, L) is a Lindelöf space. The following

question arises naturally: Let Lbe a locally convex space; is CP(X,L) a Lindelöf

space if we take in Lthe given topology? Let us take for example a nonseparable

Hubert space H. If we take in H the norm topology (we denote H with the norm

topology by H") then clearly CP(X,H") is not Lindelöf even if X consists of a

single point. If we take in H the topology p of pointwise convergence of the

coordinates (with respect to a fixed orthonormal basis), then we can apply Theorem

2.2 and we get that CP(X, Hp) is Lindelöf if X is separable complete metric. An

example, due to Michael, (cf. (2) in §3) shows that Cp(X, Hp) may fail to be Lindelöf

if X is separable metric but not complete. What is the situation if we consider

Hw—the Hubert space with the w-topology? We cannot apply Theorem 2.2, since

Hw is not homeomorphic to a subset of C0(T) with discrete F even if H is separable

infinite-dimensional. Indeed, if H is separable then Hw is also separable and

every separable subset of C0(r) is metrizable.

However, by using Theorem 2.3 and the fact that Hw is tr-compact, we are able

to give an answer to the question concerning Hw. CP(X,HW) is Lindelöf for every

separable metric space X. The proof of this result actually works in more general

situations (e.g. for general Lp(p) spaces in the w-topology if 1 < p < oo ). Some

of the ideas in this proof were suggested by E. Michael who used them, together

with Theorem 2.3, to prove a special case of Theorem 2.4.
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Theorem 2.4. Let X be a topological space which is a continuous image of

a separable metric space, and let Hw be (a not necessarily separable) Hilbert

space in the weak topology. Then Cp(X,Hw) is a Lindelöf space.

Proof. It is well known that every compact metric space is a continuous image of

the Cantor set and that every separable metric space is homeomorphic to a subset

of a compact metric space (e.g. the Hilbert cube). Hence there is a totally dis-

connected subset Y of R and a continuous function \¡i from Y onto X. Let

>F: CP(X,HW) -» CP(Y,HW) be defined by Wf(y) =f(i¡/(y)). ¥ is a homeomorphism

into. Let Sw denote the unit cell of H (in the w-topology) and let N be the integers

(in the discrete topology). We define </> : N x SW->HW by <j>(n, z) = nz, and

O: CP(Y,N xS")-> CP(Y,IT") by <bf{y) = <p(f(y)). O is clearly a continuous map.

We show now that «5 is onto. Let geCp(Y,lT"). Since g is locally bounded, there

is an open covering % of Y such that g maps every element of the covering to a

bounded subset of the Hilbert space. Since Fis a totally disconnected subset of R

the covering °U has a refinement V = {Vi}f=x consisting of mutually disjoint open

and closed subsets V¡ of Y. Let nt be an integer which is larger than sup,, ,KJI g(y) |

(i = l,2,-) and define f:Y->NxSw by f(y) = (n¡, g(y) ¡n¡) if yeVt. Then

feCp(Y,NxSw) and g = $/.

It follows from the preceding arguments that in order to prove the theorem it

is enough to show that A = <¡>~1 ¥(Cp(X, Hw)) is a Lindelöf subspace of

CP(Y,N x Sw). Let {ey}ysT* be an orthogonal basis of H and let T = {1} U F*.

We embed N x Sw in C0(r) by letting (n, z) correspond to the point whose first

coordinate is n and whose y coordinate (y e F*) is the inner product (z, ey). We can

thus consider CP(Y,N x Sw) (and therefore A) as a subspace of CP(Y, C0(F))

= C0(T,CP(Y)). It is easy to check that A is a subset of C0(r,Cp(F)) which is

invariant under projections. Also for every feCp(Y,N x <SW) there is a Gs subset

Yf of R (or, what amounts to the same thing, of Y), with Yf r> Y, such that / can

be extended to a continuous function F from Yf to N x Sw (cf. the proof of

Theorem 2.3). The fact that A is a Lindelöf subspace of C0(r, CP(Y)) follows now

from Lemma 2.1. This concludes the proof of the theorem.

In Lemma 2.1 we consider functions from a discrete space to a space of the

form Cp(X). Our final result in this section shows that, if X is countable then

Lemma 2.1 is still true if the discrete space F is replaced by an arbitrarily locally

compact metric space Z.

Theorem 2.5. Let Zbea locally compact metric space and let Lbea separable

metric space. Then CQ(Z,L) is a Lindelöf space.

Proof. Let {Zy}yel- be pairwise disjoint open c-compact subsets of Z such that

Z = Uysr^r (Tbe existence of such Zy is an easy consequence of the fact that Z

is paracompact.) Let Y be the disjoint union of a countable number of copies of

the Cantor set. Since every compact metric space is a continuous image of the
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Cantor set it follows that every Zy is a continuous image of Y. Moreover it is easy

to see that for every y there is a continuous function \jiy from Y onto Zy such

that \¡/~ 1(K) is a compact subset of Y for every compact subset K of Zy. Define now

V:C0(Z,L)-+C0(FxY,L) by putting Wf(y,y) =My(y)), feC0(Z,L). That

x¥fe.C0(F x Y,L) follows from our assumption on the ipy. Since L, like any

separable metric space, is homeomorphic to a subset of CP(N), we may consider

C0(r x Y, L) as a subset of C0(r x Y, CP(N)) (we assume, as we may, that the

homeomorphism from Linto CP(N) takes the point "0" in L to the zero function

on the integers). There is a natural injection (homeomorphism into) <P from

C0(rxF,Cp(iV)) into C0(F,CP(N,C0(Y))) defined by <*>f(y)(n)(y)=f(y,y)(n).

The space C0(Y) is separable metric and hence it is homeomorphic to a subset of

Cp(N). Thus we can identify CoOF.CpOV.CotF))) with a subset of

C0(F,Cp(N,Cp(N))) = C0(F,Cp(N X N)).

It is easy to check that, with these identifications, the map í>xp maps C0(Z,L)

homeomorphically onto a subset of C0(r, Cp(N x N)) which is invariant under

projections. An application of Lemma 2.1 gives the desired result.

Note. Theorem 1 of [2] states that C0(Z) is Lindelöf under the w-topology

derived from giving C0(Z) the uniform norm. Let S be the unit cell of the Banach

space C0(Z). Then C0(Z) is w-Lindelöf iff S is w-Lindelöf. Using the Riesz

representation theorem for C0(Z)* it is easy to prove that the w-topology on S

is weaker than the compact open topology. Consequently Theorem 2.5 with

L= R implies the result of [2].

3. Examples. We begin with comments and examples concerning the various

assumptions in the statement of Lemma 2.1.

(1) It is easily seen that Lemma 2.1 no longer holds if we drop the assumption

that A is almost invariant under projections. In fact, even C0(r) has subspaces

which are not Lindelöf if F is uncountable. Let yy, y e F, be the element of C0(r)

whose y coordinate is 1 and all the rest are 0, and let A = {yy}yer. A is a discrete

uncountable space and hence not Lindelöf. A is in a sense "nearly" invariant

under projections—if we add to A the zero function we obtain a subset of C0(r)

which is invariant under projections (this set is, of course, also homeomorphic

to the one point compactification of A).

(2) We cannot drop the assumption concerning the existence of Xf and F in

Lemma 2.1. The example which shows this is due to E. Michael. It is known [7]

that there is an uncountable separable metric space X such that every countable

subset of X is a Gô set. In fact X can be taken to be a suitable subset of R. Let us

recall the construction. To every ordinal a, less than the first uncountable ordinal

Í2, we assign a G6 subset Xx of R with Lebesgue measure 0 so that for every a

Xx ZD [Jß<xXß with proper inclusion. This can be done since every subset of R
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with measure 0 is contained in a Gâ set with measure 0. For every a pick a point

xxeXx~ [Jß<xXß. The set X = {xx:a < O.} has the desired properties.

We claim that for this space X the spaces Cp(A',C0(r)) and Cp(X,Hp) are not

Lindelöf spaces if F is discrete uncountable and Hp is a nonseparable Hubert

space with the topology of coordinatewise convergence (with respect to a fixed

orthonormal basis). The proof is actually valid for every separable space Xx

which has an uncountable set X2 such that every countable subset of X2 is a G3

subset of Xx. For the proof it is clearly enough to consider the case where the

cardinality of F (or of the basis of the Hubert space) is Xls and hence let

r = {a: a < Q}. Let Ux, a eF, be the open subset of Cp(X,C0(r)) defined by

Ux = {f:\f(xx)(a)\<l}.

Since X is separable there is for every / e Cp(X, C0(r)) a countable subset rf of F

such that /(a) = 0 (and hence f(xx) (a) = 0) if a e F ~ Ff. Consequently the

{Ux}x er form an open cover of Cp(X,C0(F)). Let r0 be a countable subset of F.

The set X0 = {xx: aeT0} is a Gô subset of X, and hence there is a decreasing

sequence {Va}™=1 of open subsets of X such that X0 = f]H°=xV„. Let {a„}^°=1 be

an enumeration of the elements of r0, and let /„ e Cp(X, [0,1]) be such that

fn(xa„) — 1» fn(xa) = 0 if i < » and fn(x) = 0 if xeX ~ Vn. Then for every xeX

there is only a finite number of indices n such that/„(x) # 0. LetfeCp(X,C0(F))

be defined by

r f„(x)   if a = a„, n = 1,2, — ,
/(«)(*) = {

(0       if a £ r0.

Note that /maps X into the subspace of C0(r) consisting of all the elements which

vanish off a finite subset of F and in particular into Hp (in its canonical embedding

in C0(r)). For every oter0 we have that /(a) (xx) = 1 and hence Ua6ro Ux does

not contain Cp(X, C0(r)) and it does not cover even the entire space Cp(X, Hp).

This concludes the proof of the fact that neither C(X, C0(F)) nor Cp(X, Hp) are

Lindelöf. This example shows also that the completeness assumption cannot be

discarded in the statement of Theorem 2.2.

(3) Lemma 2.1, as well as Theorems 2.2, 2.3, and 2.4, no longer holds if we do

not require that X be separable. Let X be the disjoint union of an uncountable

number of copies of J = [0,1]. Then X is locally compact but CP(X,I) is not a

Lindelöf space. In fact, CV(X, I) is homeomorphic to the product of an uncount-

able number of copies of CP(I, I) and, since CP(I, I) is not countably compact,

CP(X,I) is not even normal (cf. A.H. Stone [10]). If T is a discrete space, then

Cp(r,F) is compact and hence Lindelöf, but if F is uncountable, Cp(F,R) is not

even normal (Cp(r, R) is, of course, the product of an uncountable number of

copies of R). Consequently we cannot replace C0(F,Cp(X)) in Lemma 2.1 by

Cp(r, CP(X)) or replace C0(r) by Cp(r) in Theorems 2.2 and 2.3.
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(4) Theorem 2.5 shows that if X is a countable space then Lemma 2.1 is still

valid if we replace the discrete space T by a locally compact metric space Z. We

now present an example which shows that this may fail to hold for uncountable

separable (in fact, compact) metric spaces X. We shall show that the spaces

C(I,Cp(I)) and Cp(I,Cp(I)) are not normal spaces and therefore not Lindelöf.

We identify C(I, Cp(I)) with the space CS(I x I) consisting of all separately contin-

uous real-valued functions on / x / with the topology of uniform convergence on

sets of the form {x} x I, xel. Similarly, Cp(I, Cp(I)) can be identified with

Csp(I X I) which consists of the same functions as CS(I x I) but its topology

is that of pointwise convergence on / x J. The polynomials in two variables

and rational coefficients are dense in both CS(I x I) and CSP(I x I). We shall

show that CP(I x I) has a subset A of cardinality K (the cardinality of F) which

is discrete and closed. This set will, of course, be also discrete and closed in

CS(I x I). By Tietze's extension theorem the existence of such a set A implies that

CS(I x I) and Csp(I x I) are not normal. Indeed, the cardinality of C(A,I) is 2

while for every separable B (and hence for C\I x I) and Cp(I x 7))the cardinality

C(B,I) is S X.

Let / e / and let / e C'(I x I) be a function which satisfies

f,(x,y) = 1 if x =: t = y or if y = t = x,

(*)
v ' ft(x,x) = 0 if t=£x.

Such an /, is easy to construct. Take A = {/,: tel}. This set has the required

properties. Indeed, assume that there is a net {/tJ in A which is not ultimately

constant and which converges pointwise on I x I to some g e CS(I x I). By

passing to a subnet, if necessary, we may assume that tx -> t for some t e F We

have

g(t,t) =  lim/ (í,í) = 0.
a

Since g is separately continuous there is an h > 0 such that \g(t + h,t)< 1 ¡2

and | g(t — h, t) | < 1 /2 (if í = 1 we omit the requirement concerning t + h, si-

milarly if t = 0). Since the ft<¡ converge pointwise to g there is an a0 such that

a > a0 implies

(**) |/«.(< + K t) | < 1 and \ftß - h, t) I < 1.

By (*) and (**) tx$(t — h,t + h) for a > a0 and this contradicts the assumption

that tx^>t.

This concludes our discussion of the conditions appearing in Lemma 2.1 and

the other results of §2 which deal with the topology of pointwise convergence in

the function spaces. We now turn our attention to the compact open topology.

Let X be a locally compact metric space, and let L be a linear space. If L is
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metrizable and separable (e.g. L= H" or L= Hp where if is a separable Hubert

space) then, by Theorem 2.5, C0(X,L) is a Lindelöf space. This is true also for

some nonmetrizable L; Hw is an example if H is separable. Indeed, for every

f eC0(X,Hw), f(X) is a bounded subset of the Hubert space and hence

C0(X,HW) = \J?=xC0(X,nSw) where Sis the unit cell of H. Since 5wis metrizable

Theorem 2.5 implies also that C0(X,HW) is a Lindelöf space.

Let us now assume that H is a nonseparable Hubert space. Clearly C0(X,H")

is not Lindelöf even if X consists of a single point. The spaces C0(X, Hp) and

C0(X, Hw) are not Lindelöf unless the locally compact metric space X is discrete

and countable. If X is countable and discrete then C0(X,HP) and C0(X,HW)

are Lindelöf spaces by the results of §2. In order to show that for all other locally

compact metric X, C0(X,HW) and C0(X,Hp) are not Lindelöf it is enough to show

that for these X, C0(X,SW) is not Lindelöf. If X is discrete and uncountable then

it is easy to see that C0(X, Sw) has a closed subset which is homeomorphic to a

product of an uncountable number of copies of C0(N, I) (N = the integers,

/ = [0,1]) and therefore C0(X, Sw) is not even normal. Assume now that X

contains a subset X0 homeomorphic to the one point compactification of N, and

let {ey}y er be an orthonormal basis of H. For every y e F let Uy be the open

subset of C0(X,SW) defined by

Uy = {/: fe C0(X,SW), | (f(x),ey) | < 1 for all x e X0}.

Since f(X0) is separable for every feC0(X,Sw) there is always a yeT such that

(f(x),ey) = 0 for every xeX0. Hence Uyer^y zdC0(X,Sw). Let X0 = {xx,x2,---,x}

with x,->Jc and let {yJ^ieT. There is an feC0(X,Sw) such that f(x¡) = ey¡,

i = 1,2, ••• (and f(x) = 0). This can be easily shown directly and it follows also

from the extension theorem of Dugundji [4]. We have that f${J¡'xíxUy¡ and

hence C0(X,SW) is not Lindelöf.

Take now, in particular, a compact infinite metric space X. C(X) is a complete

separable metric space. C(X,SW) can be identified with the closed subspace of

1 = fly erCy (where Cy = C(X) for every y) consisting of the f eY[ for which

¿j/2(y)(x) ^ 1, xeX. This subspace of Y[ is a closed subspace of the £ product

(cf. [1]) of the Cy, i.e., the set of all elements of f\ whose coordinates vanish for

the y outside a countable subset of F. These remarks, together with the observation

made above that C(X, Sw) is not Lindelöf, show that C(X, Sw) can replace the

space F0 used in [1] for giving a counterexample to a conjecture of Kelley (we

refer to [1] for details). This may be of interest since C(X, Sw) arises by standard

operations while F0 is constructed purely for its unusual properties.

Let X be a separable metric space and let if be a separable Hubert space.

Then C(X,H"), C(X,Hp) and C(X,HW) are Lindelöf spaces. For C(X,H") and

C(X,HP) this fact is an immediate consequence of Lemma 4.1 (Hn and Hp are

separable metric spaces), while for C(X,HW) we have to use, besides Lemma 4.1,

the observation that every element in C(X,HW) is locally bounded. Michael [9]
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has proved a stronger result; namely that for these X and H, C(X,H"), C(X,HP)

and C(X,HW) are X0 spaces, a property which is stronger than the Lindelöf

property.

Let us sum up the results concerning mappings from metric spaces into Hubert

spaces. In the squares of the first row of the table below we have written down

all locally compact metric spaces X for which C0(X, Y) is a Lindelöf space.

In the other two rows we have written down all the metric spaces X for which

the corresponding function space is Lindelöf. All the results contained in the

table were either stated before or follow easily from the preceding discussions.

H separable

Y = H" Y=HV r = HP

H nonseparable

Y=H" Y=HV Y=HP

Ca(X, Y) all * all X all X no X iff Xis
discrete count-

able

iff X is dis-
crete countable

CP(X, Y) iff X is
separable

iff A- is
separable

iff X is
separable

no X iff * is
separable

if X is a continuous
image of a complete
separable metric
space. Not for all
separable X. For no
nonseparable   X.

C(X, Y) iff X is
separable

iff X is
separable

iff X is
separable

no X iff X is dis-
crete countable

iff X is dis-
crete countable

4. The proof of Lemma 2.1. This section is devoted to the proof of Lemma 2.1.

The statement of Lemma 2.1 becomes much simpler if we consider the special

case where X is complete metric and A = C0(r, Cp(X)). However our proof

of this special case is not simpler than the proof of the more general result.

We state now three simple results which we shall need in the proof of Lemma 2.1.

Lemma 4.1 is due, essentially, to Michael (cf. [9]).

Lemma 4.1. Let X be a topological space with a countable base, and let ro

be a countable discrete space. Then for any subset A cz Cp(r0, CP(X)) there is a

countable collection of subsets £f of A such that, given any feA and any open

set U containing f, f e S cz U for some S in £f.

Proof.    Cp(r0, Cp(X)) is homeomorphic to Cp(Y) where Fis the disjoint union



488 H. H. CORSON AND J. LINDENSTRAUSS [February

of countably many copies of X. Consequently, we need only to prove the lemma

for subsets A of CP(Y). Note that Y has a countable base 3$ since X does. Let 2>

be a countable base for the reals.

For each Bef and each De9 let (B,D) = {feA:f(Bycz £>}. The collection

of all such (B, D) has the required properties.

Lemma 4.2. Let Y be an uncountable separable metric space. Then Y has

a countable subset K such that no point of K is isolated in K.

Proof.   Take as K a countable dense set in the perfect kernel of Y.

Lemma 4.3. Let Y be a complete separable metric space and let K be a

countable dense subset of Y. Let 9 be a function from K to the open sets in Y such

that ke6(k)for each keK. If no point of K is isolated in Y, then there is some

yeYsuch that ye6(k)for infinitely many k.

Proof. Let 6(k, n),keK,n = 1,2, —, be an open subset of 9(k) which contains

k and has a diameter less than 1 \n. Let An be the complement of {JkeK9(k, n).

A„ is closed and nowhere dense in Y. If each point of Y were in 6(k) for only

finitely many k, then every point of Fis either in K or some A„. This contradicts

Baire's theorem.

The main step in the proof of Lemma 2.1 is the proof of the next lemma. This

lemma is, in a sense, a local version of Lemma 2.1. Before stating this lemma,

we introduce some notations.

A net {/,} in C0 = C0(r, Cp(X)) converges to an element fe C0 if and only if

fx(y) (x) ~*f(y) (x) f°r every y e F and xeX.lt follows that C0 has a base composed

of sets constructed as follows : Pick a finite subset P of T x X and a function \p

from P to the open subsets of the real numbers. Let [P, \¡j] denote the set of all

feC0 such that /(y) (x) e ij/(y, x) for each (y,x)eP. The [P, \p] are sets to be

used as a base for C0. For every set P <zzF x X, let

P' = {y '■ (y,x) £ P for some xeX}

and

P" = {x:(y,x)eP for some yeT}.

Lemma 4.4. Assume that X is a separable metric space and that F is discrete.

Let A be a subset of C0 = C0(F, Cp(X)) such that, for every feA, there is Gô

subset Xf of X (the completion of X) containing X, and an F e C0(F, Cp(Xf))

such that F(y)(x) =f(y)(x) for every yeT and xeX. Let n be an integer and

let 3> be a finite collection of open sets around 0 in R such that R e'3¡. Let °lllbe a

collection of subsets ofC0 consisting of sets of the form A n [P, \j/] = U where P

is a subset ofFxX with at most n elements, and ip is a function from P to 2

(P and \p depend on U in °U but S¿¡ is fixed). Then there is a countable subset 'f

of % such that \J<% = \JfT.
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Proof. The proof is by induction on n. The lemma is obvious for n = 0, so

suppose that it is true for rt — 1. Moreover, suppose that it is not valid for the

collection °tl. We will argue for a contradiction.

Suppose that there is a countable subset ro of F such that, for each

[P, i/0 n A e <%,

some yeP' is also in ro. Let Sf be a countable collection of subsets of ^4/r0

having the properties of Lemma 4.1. For each S e £f, let ^l(S) = {Ue°U: U/T0 => S},

let S* = {fe C0: f/F0eS}, and let *(S*) = {UnS*: Ue<%(S)}. It is easy

to see that each element of <V (S*) is of the form [F, \p] n A n S*, where F has

fewer than n elements. By the inductive assumption, there is a countable subcover

■V(S*) for <W(S*). Let 1^(5) be a countable subset of <%(S) such that each

F* e-f(S*) ¡s of the form  V C\S* for some F e^(S). Then

■T =\J{r(S):Se6f}

is a countable subcover for Q¿.

Since we have assumed that the lemma is not valid for <W, it must be true that,

for each countable T0 cz r, there is a [P, i/>] C\Ae% such that P' r\Fo=0.

For each ordinal a less than the first uncountable one Í2, let us pick a

Ua = [P„, \¡/x] O /I such that P'x C\ Pß = 0 if ¡x # /?. This is possible because

U{P¿: a < j5} is countable and there is consequently some [P, \p] such that P'

does not meet this set.

We will now assume that eachPa has exactly n elements. This is possible, since

we may just add some more elements toPa if necessary and define \¡/x on these new

elements to be R.

Let X" denote the product of n copies of X. For each a < £3 we pick a point

xa = (xx*,x2,--.,x*n) in X" suchthat eachzeP^ is equal to x* for exactly as many

i as there are (y,x) in Px with x = z.

First suppose that {xa: a < fi}is a countable set. Then some fixed y e X" equals

xa for uncountably many a. Let K be a countable (infinite) set consisting of such a

and let D = n Sd. Since the lemma is not valid for W there is a function/ in \J$¿,

and hence in C0, such that/is not in Uxfor anyaeK. This means that, whenever

aeK,f(yx) (yj)$ ^x(yx, yj) for some yx e Pa and some j. Since y hasonly n coordinates,

there is some fixed j0 which has the latter property for infinitely many aeK.

Consequently, for all such a, f(yx)(yJo) is not in D. That contradicts the fact

that / vanishes at infinity on F.

The previous argument implies that {xa: a < i!}isan uncountable subset of X".

By Lemma 4.2, there is a countable set K of ordinals less than Í2 such that

{x": aeK} has no isolated point. Since the lemma is not valid for W, there is some

/ e A which is not in Ux for any aeK. Let Xf be a Gs subset of X containing X

such that there is an F e C0(T, Cp(Xf)) for which /(y)(x) = F(y)(x), y e F, x e X.
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By the choice of/ we see that for every aeK there is some yx e Px and some jx

such that f(yx)(xj) is not in ipjj^xjj. Consequently,

F(yx)(xl)=f(yx)(xl)tD       if  aeK.

Let e > 0 be chosen so that all real numbers within 2e of 0 are contained in D. For

each ocefClet F^be an open set in ^containing x^ suchthat F(yJ varies by less

than s over Bx. Then | F(ya)(x) | > e for each x in Bx.

We denote by Wx the open set in X"f (the Cartesian product of n copies of Xf)

around x" defined by : y e Wx iff yJm e Bx. By Lemma 4.3, there is a point q e Xf

such that qeWx for each aeK0 where K0 is an infinite subset of K. (We apply

Lemma 4.3 by taking as F the closure of {xa: aeK) in X", and noticing that Xf,

and hence X"f, can be given a complete metric.) It follows that qjo¡eBx for each

aeK0. Since ghasonly a finite number of coordinates there is a j0 and an infinite

subset Kx of K0 such that qJoeBxforeachaeKx. Hence | F(yx) (qJ0) | > s for each

a e i?!.This contradicts the fact that F vanishesat infinity and completes the proof

of the lemma.

We pass now to the proof of Lemma 2.1 itself. Let A beasubset of C0(r, Cp(X))

which satisfiestheassumptionsin thestatement of the lemma. We call a countable

subset of T admissible if it is one of the subsets whose existence is ensured by the

assumption that A is almost invariant under projections.

Let °U bean open cover of A by sets of the form [P,^] n A. Let ^ be a fixed

countable base of R and let fo = {ßeJ:0eß}. We may assume that the range

of each \u is contained in ¡M. Let ro be a countable subset of F. By Lemma 4.1 there

is a countable collection y of subsets of A ¡F0 such that, whenever fe U ¡F0 for

some U e<%, there is an S e if with fe S cz U/F0. Define for each SeSf and each

finite subset 2 of âS0

■    <%(S,3>) = {U = [P,\li]r\Ae<%:Sc t//r0 and

i]/(y,x)e2 if (y,x)eP  andy^r0}.

Let S* = {feA: fjF0 e S). Define <%*(S,2) = {U r\S*:Ue W(S, 2)}. Each

element of %*(S,@) is of the form S* n A n [P, ip] for [P,\]/] such that

x¡/(y,x)e2 for every (y, x) e P. Consequently, by Lemma 4.4 there is a countable

subcover "T*(S,2) of <%*(S,2). Let r(S,2) be a countable subset of <%(S, 2)

such that each V* e -T*(S, D) is of the form V nS* for some VerT(S, 2). Let

-r0 = \J{ir(S,2):Se^ and2cz@0}. -T0 is countable and \_}^0 contains

\JW(S, 2) for all SeSf and 2 c ^0.

It follows from the preceding argument that we can construct, inductively, a

sequence r¡ of subsets of F and a sequence irl of countable subsets of ^ so that

(i) Each r¡ is countable and admissible,

(ii) r,cr(+1) i-1,2-,
(iii) For every i,\^}iri contains each [P,i/^] n/4e^l for which \p(y,x)e3S0

whenever (y,x)eP and y^r¡,
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(iv) For i 2ï!2,

r^UiP'-.ÍP^l^Aer^}.

Let rœ = [JfL1ri, and let/ e A. Since Fx is admissible,//rœ e ^. Hence there is

aU = [P,\¡/] riAeW such that //r«, e (7. Since P is finite, there is a finite i such

that P' n Fœ = P' D r;. Since //rœ vanishes outside rœ, i/í(y, x) e B0 if (y, x)eP

and y ^Too, and hence (by (iii)) U is contained in [J^¡. Therefore//rœe (J "T^

Since //rœ =/ on r¡+1, it follows (use (iv)) that //r^eUf, implies that also

fe\Jr,. Therefore any fe A is in \}ir, where "T = lj{^"¡: i = 1,2, ••■}. The

subcover T^" of ■?/ is countable. This concludes the proof of Lemma 2.1.

References

1. H. H. Corson, Normality in subsets of product spaces, Amer. J. Math. 81 (1959), 785-796.

2. -, The weak topology of a Banach space, Trans. Amer. Math. Soc. 101 (1961), 1-15.

3. H. H. Corson and J. Lindenstrauss, Continuous selections with  nonmetrizable  range,

Trans. Amer. Math. Soc. 21 (1966), 492-504.

4. J. Dugundji, An extension of Tietze's theorem, Pacific J. Math. 1 (1951), 353-367.

5. N. Dunford and J. Schwartz, Linear operators, Part I, Interscience, New York, 1958.

6. J. L. Keiley, General topology, Van Nostrand, Princeton, N. J., 1955.

7. C. Kuratowski, Topologie. I, II, Monogr. Mat., Warsaw, 1948, 1950.

8. D. Maharam, On homogeneous measure algebras, Proc. Nat. Acad. Sei. U.S.A. 28 (1942),

108-111.

9. E. Michael,  No spaces, J. Math. Mech. (to appear).

10. A. H. Stone, A note on paracompactness and normality of mapping spaces, Proc. Amer.

Math. Soc. 14 (1963), 81-83.

University of Washington,

Seattle, Washington


